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Exercise 5

The table gives estimates of the world population, in millions, from 1750 to 2000.

Year Population Year Population
1750 790 1900 1650
1800 980 1950 2560
1850 1260 2000 6080

(a) Use the exponential model and the population figures for 1750 and 1800 to predict the
world population in 1900 and 1950. Compare with the actual figures.

(b) Use the exponential model and the population figures for 1850 and 1900 to predict the
world population in 1950. Compare with the actual population.

(c¢) Use the exponential model and the population figures for 1900 and 1950 to predict the world
population in 2000. Compare with the actual population and try to explain the discrepancy.

Solution
Part (a)
Use an exponential model for the population.
P (t) = P()ekt

Use the populations at 1750 and 1800 to construct a system of equations for the two unknowns,
Py and k.

P(1750) = Ppet(1750) — 790
P(1800) = Pye*(18%0) — 980
Divide both sides of the second equation by those of the first equation to eliminate F.

Poek(1800) 980

Pyek(1750) 790

98
50k _

< T
98
Ine®% = In =
79

98

50k = In —

%79

1 98
= —1In— ~0.00431 -1
k 50 n79 0.00431039 year
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Substitute this formula for k into either of the two equations to get Fj.

Poek(1750) — 790
Poe(%ln%)(lmm — 790

790
Py =~ ~ 0.418468 milli
’ e(%ln%)(lﬁ)o) million

Therefore, the population model using the populations at 1750 and 1800 is

790 1 98
Pi) = |— 2 | ()t
(t) L(E}Olngg)(lmo)] €

The world populations in 1900 and 1950 are, respectively,

790

e(%ln%)(1750)

P(1900) = [ ] e(50 11 75)1900 ~ 1508.08 million

P(1950) = [790] e(50 11 75)1950 ~, 1870.78 million

6(%111%)(1750)

Use the percent difference formula to see how far off these numbers are from the actual values.

1508.08 — 1650

1900: ——————— x1 ~ —8.6012
900 1650 x 100% 8.60128%
1870.78 — 2560
1950 ————F—— x1 ~ —26.922
950 2560 x 100% 6.9226%

The model’s population in 1900 underestimates the actual value by about 8.60%, and the model’s
population in 1950 underestimates the actual value by about 26.9%.

Part (b)
Use an exponential model for the population.
P (t) = P()ekt

Use the populations at 1850 and 1900 to construct a system of equations for the two unknowns,
Py and k.

P(1850) = PyeF(1850) — 1260

P(1900) = PyeF(19%) = 1650

www.stemjock.com



Stewart Calculus 8e: Section 3.8 - Exercise 5 Page 3 of 4

Divide both sides of the second equation by those of the first equation to eliminate Fj.

Ppek(1900) 1650
Ppek(1850) — 1260

59
50k _ 99
TR
In e’ = In %%
42
55
50k = In —
"2

1 55 1
k= =0 In B~ 0.00539327 year

Substitute this formula for k into either of the two equations to get Fj.

Ppek1859) — 1960
Pyel50m33)(1850) — 1960

1260
Py = ——%<——— ~ 0.0585025 million
o (50 In §3)(1850)

Therefore, the population model using the populations at 1850 and 1900 is

1260 11, 55
Pi) = | 27 (G5B
(t) [6(51011133)(1850)] €

The world populations in 1900 and 1950 are, respectively,

12 5
P(1900) = | ——1290 | (35 33)1900 _ 1650 million
1850)

el35m33)(

1260

P(1950) = | ————5+——
( ) L(;(]lnjg)(l%o)

] (5610 32)1950 . 9160.71 million

Use the percent difference formula to see how far off these numbers are from the actual values.

1650 — 1650
1 N _— 1 =
900 1650 x 100% = 0%

2160.71 — 2560
1950: ———— x 100% =~ —15.5971
260 L00% %
The model’s population in 1900 exactly predicts the value because 1900 was one of the years used
to formulate the model, and the model’s population in 1950 underestimates the actual value by

about 15.6%.
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Part (c)

Use an exponential model for the population.
P(t) = Pye

Use the populations at 1900 and 1950 to construct a system of equations for the two unknowns,
Py and k.

P(1900) = PyeF(19%0) — 1650

P(1950) = PyeF(1950) — 2560
Divide both sides of the second equation by those of the first equation to eliminate F.

Ppek(1950) 9560
Ppek(1900) 1650

B0k _ @
165
256
Ine’* =In=—
165
256
50k = In ———
" 165
1. 256
k= —In—— ~ 0.00878464 -1
50 165 year

Substitute this formula for &k into either of the two equations to get Fp.

Pyek(1900) — 1650
Poel01n185)(1900) — 1650

1650
e(% In 255 (1900)
Therefore, the population model using the populations at 1900 and 1950 is
_ 1650 (& In 226
P(t) = |:e(510]r1256)(1900):| e\ 50 165

165

Py = ~ 0.0000930583 million

The world population in 2000 is
1650

e(35n153)

Use the percent difference formula to see how far off this number is from the actual value.

3971.88 — 6080
20000 ————— x1 ~ —34.
000 5080 x 100% 34.673%

The model’s population in 2000 underestimates the actual value by about 34.7%. The reason the
model is so bad is because it assumes that k is a constant for all time; in part (a) it was
0.00431039 year™!, in part (b) it was 0.00539327 year—!, and in part (c) it was 0.00878464 year~!.

1

P(2000) = [ (1900)} e(50 10 185)2000 , 3971 88 million.
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